1. Introduction. The classification of certain types of projective planes has recently been of considerable interest to both geometers and group theorists. Due in part to the current general interest in finite mathematics and the developments connecting group theory and finite geometry, the LenzBarlotti classification of finite projective planes (2; 10), in particular, has generated a tremendous amount of research. A great deal of this research has been related to the construction of non-Desarguesian planes.
semi-translation planes (see (2.1)), but certainly is not generally true for all strict semi-translation planes.
Non-strict semi-translation planes have been classified previously (9) , thus in this article we will concern ourselves only with strict semi-translation planes. Hence, the following assumption is made.
(1.1) Assumption.
If T is a semi-translation plane (dual semi-translation plane) with respect to a line L (point p), then x is a strict semi-translation plane (dual semi-translation plane) with respect to the line L (point p).
The following notation is used: (i) 7T is sst = 7T is a (strict) semi-translation plane ; (ii) 7T is Dsst = 7T is a (strict) dual semi-translation plane. This classification is contained in my Ph.D. thesis at Washington State University.
I would like to express my appreciation to Professor T. G. Ostrom for his encouragement and guidance in the research discussed in this paper. I am also indebted to Professor David A. Foulser for his many helpful suggestions as to the form and clarity of this paper.
The initial
classification.
( Proof of the extension. By (18, Lemmas 3, 4, and 5) , w is sst with respect to one of the lines Li and is Dsst with respect to the intersection of the two remaining lines L 2 and L 3 . By (18, Lemma 6) , T admits a collineation moving Li. It is also clear that Li C\ L 2 may be moved on L 2 onto any point of T 0 C\ L 2 -L 2 C\ L%. By (18, Lemmas 4 and 6) and (22, p. 66, Theorem 7), it is easy to see that 7T is sst with respect to every line of TO.
Both (18, Lemma 4) and this extension (and the dual arguments) yield the proof of (1.2). On the basis of (1.2), we formulate the following definition.
(1.3) Definition. Let T be a projective sst or Dsst. We define the following types:
Type 3. w is of Type 3 if TT or D?r (the dual of ir) is sst with respect to q 2 + q + 1 lines. Recall that if TT is sst with respect to a line L, then the point orbits of the elation group with axis L are affine subplanes. The projective extensions of these subplanes all have the same points on L. Therefore, if TO is the projective extension of a point orbit of the elation group with axisL, then rr is (p, L, 7r 0 )-transitive for all points p £ L P 7r 0 . Conversely, if w is (p, L, 7r 0 )-transitive for all points p Ç L Pi x 0 for some projective subplane 7ro of order q, then clearly r is a semi-translation plane with respect to L. We will use this characterization of semi-translation planes for our classification (the dual semi-translation planes are likewise characterized).
If 7T is sst (Dsst), choose a projective subplane 7r 0 of order q. We shall classify 7T by the configuration of point-line pairs (p, L) such that T is (p, L, 7r 0 )-transitive for the fixed subplane -n$.
Clearly, the subplane 7r 0 is always a translation plane if ir is sst. However, 7To may have central collineations induced on it by collineations of ir that are not central.
Thus, the classification of semi-translation planes depends on the choice of subplane 7r 0 . However, it is possible to choose 7r 0 so that we obtain a "best" classification for ir.
For example, any subplane 7r 0 which is invariant under the full collineation group of 7T yields a best classification for T and any two invariant subplanes give identical classifications.
If 7T is of Type 2 or 3, then the elation centres (or axes) form a unique invariant subplane. If T admits (p, L, 7r 0 )-transitivity with p not on L and TV sst with respect to L, then the L-homology centres form a unique invariant subplane. If ir does not have an invariant subplane, then w is of Type 1.
Let 7T be of Type 1 (Type 2 or Type 3). We will consider the manner in which (p, L, 7ro)-transitivity, for various point-line pairs (p, L) of 7r 0 , can exist in T such that 7T remains of Type 1 (Type 2 or Type 3, respectively).
For each possible combination of such point-line pairs, the set of these pairs will be denoted by S(l-fer) if w is of Type 1, S (2-kr) With one exception, the known strict semi-translation planes all have an invariant subplane of order q. Foulser (4) has shown that, with the exception of the Hall planes, the generalized André planes always have two points left fixed or interchanged by the full collineation group. André (1) has shown this same result for nearfield planes. In either of the above cases, the corresponding dual translation planes will have two lines that are either invariant or interchanged and which intersect in the special point of the dual translation plane. In order that the dual translation plane be represented in an affine form that is derivable, the line at infinity must go through the special point. If one of the two lines is chosen as the line at infinity, the other line must be invariant under the affine group. Upon derivation, this invariant line is converted into an invariant subplane. This means that semi-translation planes derived (18) from the duals of such planes must have an invariant subplane (square root subplane). In (8) , it was shown that planes derived from the dual Hall planes also have an invariant subplane. We, therefore, raise the following question: Do semi-translation planes of order q 2 exist which contain no invariant subplane of order q? 2. Planes of Type 1. Note that if w is sst with respect to a line L and L is moved by the collineation group of 7T, then w contains an invariant subplane 7r 0 and furthermore 7r 0 is the unique subplane whose points are the elation centres of the lines in the orbit of L.
(ii) If kl L, then, by (18, Lemma 6) , L is moved. However, this is a contradiction by (i). Hence, (2.1) is proved.
Therefore, if T is sst and does not have an invariant subplane, then T is of Type 1.
For this section, let T be of Type 1. Let the unique line associated with T or DT be denoted by L oe . Therefore, it is clear that L oe is fixed by the full collineation group of T (or DT).
We will now label our subclasses of Type 1. We will collect the definitions for the subclasses into a theorem (2.16) and thus will not distinguish our initial definitions by number. For the following we shall assume that T is of Type 1 and T is sst. The classification for Dsst of Type 1 will be obtained by taking the dual of the point-line configuration which defines sst of Subtype 
Therefore, if T is above Type l-2a and of Type 1 and (p, L) G S(ir) -S(l-2a), then p IL.
We now consider two sequences of planes:
(1) sst that are above Type 1-la but not above Type l-2a and (2) sst above Type l-2a and still of Type 1. The argument for the case L I k is similar to the above and is left to the reader. Note that this argument depends on the fact that p' may be moved by collineations of T which fix k. Now suppose that ir is strictly above Type l-4b but not above Type l-2a.
and LXk. We have the following possibilities:
( (2) and (3) we have p' or k moved by collineations which fix k or p', respectively, which is a contradiction by the argument of (2.5).
If we have case (1), then (k, L) Ç S(w) for all lines of 7r 0 such that L I p' (see (2.2)). We shall say, in this case, that T is of Type l-5b.
Case (4 .2)) (see also (3, § § 256-260)), q 2 -1 = 12, 24, or 60. Hence, q 2 = 25 and thus g = 5 is the only possibility. In this case, G is isomorphic to S 4 (symmetric group on four letters) which is transitive but not doubly transitive on six elements.
We therefore have the two possible exceptions for q = 5 and 9. We will not, however, include this case (4) for q = 5 or 9 in the general classification and thus, for the following, we will assume that g ^ 5 or 9. Proof. The proof of (2.6) is virtually identical to the previous case where T is above Type l-4b and is left to the reader. If 7T satisfies (2.6), we shall say that ir is of Type l-5a. Note that the possible exceptional types when q ~ 5 or 9 and which satisfy (2.6) are above Type l-5a. Note also that planes of Type l-5b are strictly above planes of Type l-5a, and Type l-5b is strictly above Type l-4b.
From (2.5), we clearly have the following result.
(2.7) LEMMA. If T is strictly above Type l-5b, then w is above Type l-2a.
Therefore, we have considered (up to duality) all of the possible types of planes that are above Type 1-la but not above Type l-2a. 
) Ç S(T) -S(l-2c), then (p, L) Ç S(w) for all points p I L oe P\ ir 0 and for all lines L of TT 0 such that Llp m .
7T will, in this case, be said to be of Type l-3c. Proof. If 7T is strictly above Type l-3c, then there is a pair (p, L) Ç S(w) -S(l-3c) and p may be moved onto any point of L oe C\ wo by the existing collineations. And, since LI p oe (see (2.10)), we have the situation that T is at least of Type 2. Hence, (2.11) is proved.
The following two results are clear from (2.2) and (2.3). (2T2) LEMMA. If TT is above Type l-2a and (p t L) G S(TT) -S(l-2a), pI L oe , and L I p oe1 then (p, L) Ç S(ir) for all points p lL oe P\ T 0 and for all lines L of 7To such that L I p oe .
We will, in the case of (2.12), say that TT is of Type l-3a.
(2.13) LEMMA. // ir is above Type l-3a and (p, L) G S(T) -S(l-3a) with piL oe1 then (p, L oe ) £ S(w) for all points p 17r 0 .
If 7T satisfies (2.13), we shall say that TT is of Type l-3b. That is, S(l-3b) = S(l-3a) U S(l-lb) (see (2.16) The previous lemmas and remarks establish the following result for planes of order q 2 and q ^ 5 or 9.
(2.16) THEOREM. If TT is a semi-translation plane of Type 1 with respect to L oe (or its dual), then w is of one and only one of the following types:
Type 1-la: Type l-2a:
Type l-3a If T is sst of Type 2 such that (p, L) £ S(T) for all incident point-line pairs such thatL is a line of T 0 incident with p oe1 for the unique point p oe I L oe , we will say that T is of Type 2-la.
We shall assume for this section that T is sst of Type 2. The classification for Dsst of Type 2 will be obtained in the usual manner (see remarks prior to (2.2)). Proof, (a) If po I L 0 , then since (po, L 0 ) £ S(2-la), it must be that p 0 ^ p oe . Therefore, p oe may be moved. However, this implies that T is of Type 3.
(b) Since the Hughes planes are self-dual (see 18, Theorem 15), we have, by the dual of (12, Theorem 1), the following theorem.
THEOREM. If T is (p, L, TO)-transitive for all lines L of T 0 such that L I p oe , for all points p I wo, then T is a Hughes plane.
Ostrom (18) 
) G S(w) -S(2-la) implies p' = p oe . In this case, (p oe , L) Ç S(w) for all lines L of wo, where LI p oe .
If T satisfies the hypothesis of (3.2), we shall say that T is of Type 2-2a. It also follows that if T is strictly above Type 2-2a, then T is of Type 3.
Hence, we have shown the following result.
(3.3) THEOREM. If T is a strict semi-translation plane of Type 2 (or its dual), then T is of one and only one of the following types:
Type 2-la: 
Planes of Type 3.
Let T be sst with respect to L oe . If T is of Type 3, it follows that neither L oe nor any point of L^ is left invariant under the full collineation group of T.
If T is of Type 3 such that (p, L) Ç S(T) for all incident point-line pairs of 7ro, we shall say that T is of Type 3-1. Thus, we have proved the following theorem.
(4.2) THEOREM. If T is a strict semi-translation plane of Type 3 (or its dual), then T is of one and only one of the following types:
Type 3-1:
In the following diagram, Type j-&ifi, j = 1, 2, 3, is above Type i-ktfi, i -1, 2, 3 (ri, r 2 = 1 if j or i = 3, respectively), if and only if the symbol referring to the first type is higher on the page than the symbol referring to the second type and one can travel from the second symbol to the first on line segments. Proof. Suppose that pi TO. Every line through p meets TO in one or q + 1 points. If L is on p and meets T 0 in one point, then L P\ T 0 is fixed by p. Now since pi 7ro, there is exactly one line of 7r 0 through p. There are q 2 + 1 lines through p so that we have q 2 fixed points in T 0 under 13. Thus, there are at least q 2 -q points on L and not in T 0 that are fixed by /3. Hence, 13 fixes at least 2q 2 -q > q 2 + q points of T 0 (note that q 2 > 4 for otherwise T would be Desarguesian, contrary to assumption). However, this implies that p is the identity collineation (see 21, pp. 101-102, theorem 19). However, this is a contradiction. The dual argument may be used to show that L is also in T 0 . Hence, (5.1) is proved. Proof. Let (p, L) Ç S(x with respect to in). By (5.1), (p, L) G S(x with respect to x 2 ) since x 2 is invariant. Since also xi is invariant, we may interchange 7Ti and 7T2 in the above argument. Thus, (5.2) is proved.
The choice of subplane
Therefore, if we are classifying planes containing invariant subplanes of order q, we may choose any invariant subplane of order q in order to make our classification, and the class into which a particular plane is placed is independent of the choice of invariant subplane. Also, recall (see remarks following (2.1)(i)) that if x is of Type 2 or 3, there is a unique invariant subplane whose points are the elation centres of the lines in the orbit of L oe .
We will now consider the situation where x is sst and x does not have an invariant subplane of order q.
We will, in the following, consider x classified with respect to (/>, L, x z )-transitivity for certain subplanes x z -of order q. It should be noted that in order for x to be classified with respect to (p, L, ir t )-transitivity for a particular subplane T iy it is assumed that x is (p, L, x^)-transitive for all points p I L oe H TJ and L = L oe . That is, x will always be assumed to be above Type 1-la with respect to each subplane T t . One could, of course, make a classification of planes which are not semi-translation planes without the above restriction.
If 7To and xi are subplanes of order q such that x is (p, L, x 2 -)-transitive for all points p I ^ ^ Ti, i = 0, 1, then it is easily seen that x 0 and xi are disjoint as affine subplanes and have the same points on L oe . then by the argument of (5.1), p and L would be in ir 0 . Thus, x would be in a "higher" class classified with respect to 7T 0 than classified with respect to xi. That is, if x is of Type T 0 with respect to x 0 and of Type T x with respect to xi, then Type T 0 is above Type Ti. Therefore, if, under any two classifications by T 0 and xi, either T 0 is fixed by the (p, L, 7ri)-collineations or wi is fixed by the (p, L, 7r 0 )-collineations (these particular (p, L)-collineations are assumed to be other than the translations), then we can always choose the subplane that will give us the "best" classification. That is, we can pick the subplane that will place the plane in the "highest" class. Proof. If 7T 0 is not fixed, then for all points p I TO -L oe there exists a collineation /3 of T which moves p to a point p(3 not in TO. Therefore, by (1), there is a translation moving p to p/3, contrary to T being a strict semi-translation plane.
Thus, if 7T does not have an invariant subplane, the only possible types are 1-la, l-2a, l-3a, l-4a, l-5a. By (5.5), (5.6), and (5.7) we have the following possibilities: T is of Types l-3a and l-4a, of Types l-3a and l-5a, of Types l-4a and l-4a, or of Types l-4a and l-5a with respect to T 0 and xi, respectively.
Clearly, either we can choose a subplane to give us a "best" classification for 7T, or 7T is of Types l-3a and l-5a with respect to 7r 0 and TI, respectively.
In the latter case, po = pi = p oe (see (5.6) Each of the {po, Lo, 7r 0 )-collineations move L x onto a distinct line not in ir\ and fixes pi. Each two groups with centre pi and axis one of these lines (all of w r hich intersect at Li C\ Lo) generate an elation with centre pi and axis (Li C\ L 0 )pi. Hence, pi is the centre of an elation group of order strictly larger than q. However, this again is contrary to our assumptions, since this elation group fixes 7T 2 (see (5.1)). (Alternately, w is clearly above Dl-2b with respect to 7T2, contrary to (5.5).)
Remarks. In (8), I gave examples of strict semi-translation planes of Types 1-la, l-3a, l-4a, 1-lb, and 3-2 (see 8, (2.16) and (4.2)). (In addition, I found an example of a plane of Type l-2a. This result will be reported in a later paper.)
There exist examples of planes which contain an invariant subplane of all of the above types. The planes derived from the dual Ostrom-Rosati planes are of Type l-3a. It is not known whether these planes have an invariant subplane of order q.
For q = 5 or 9, we have seen that there might exist exceptional cases of planes of types strictly above l-5a or l-5b but not above l-2a or l-2b, respectively. For q = 9, 7r 0 could then be the nearfield plane of order 9. If q = 5 and 7To is Desarguesian, there might exist a plane of order 25 such that the group induced on L oe Pi 7r 0 by the group generated by the existing homology {p, L, 7T 0 )-transitivity groups is isomorphic to the symmetric group on four letters.
With the exception of the Hughes planes, for every example of a plane of a certain type, there is an example of a plane of the same type where the plane is derived from a dual translation plane. In (8) I showed that the possible types for planes so derived are: 1-la, l-2a, l-3a, l-4a, and 1-lb.
